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Abstract Magnetohydrodynamics (MHD) numerical simulation is an important tool for space

physics research. In this paper, Lax-Friderchs scheme with TVD property is employed to solve GLM-

MHD equations. The diffusion turning coefficient is introduced for scheme optimization. Simulation

result of 2D rotor test and magnetic cloud current sheet interaction test demonstrates GLM-MHD

method’s divergence control capability. The simulation consumes less than half of the computational
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time comparing with simulation utilizing Poisson correction method. While numerical stability is

not damaged, numerical diffusion is reduced by the diffusion tuning coefficient.

Key words Magnetohydrodynamic, Difference scheme, Divergence error, Numerical dissipation

0�$%

����&�'(�(�)*�+,��� 
' (MHD) !-"#�. ./ MHD  �)�!�"
01, #$��2 Æ��%3%. 4, MHD  �
)&5�'6( !!78)*"+!* $. #
 MHD "+!*�+%���&�')*,$&
9��:-' �"%�&�#",+$(%",,
 �;��%�-<. &&, ��&�'6(�)*
#$,'=((.). MHD "+!*>��&��
'6()*.�/�'=*0. +/"++,',
-+,�'(-0, MHD "+!*,�1)5?.)
�*+/+2*,-.�))1&�0�6((/
0.2"2124, [1].

MHD �. Navier-Stokes �)Maxwell �
/1@3415�33,6A2-�"01'"B4
�/01. MHD  �"+!* $-�)5�� 
' (HD)  �"+!*. 16 MHD  ��24C3
3 HD  �)1/� [2], 54/"+�% MHD  
�)3 HD  �)87$. Æ5"+�% MHD  
�� $68.+ Lax-Wendroff (LF) 46>45
�A<67 $ [3]. 7188��+7089,8,
�(:9;997:, ':8:;80<<)==�
(,"01;>. 1983< Harten ;>)�"+46
�96': (Total Variation Diminishing, TVD) 1
; [4]. 6?5<1;�"+46:?@="+%�
AB1, ADE>�(:9�7:, 2 C> TVD

46. Æ5 TVD 46,@+"?A298�, !
0 MUSCL (Monotonic Upstream-Centered Scheme)

.> $, �+4468�7089 [5]. !0 PPM

(Piecewise Parabolic Method) .> $, �446
8�70<9 [6]. ENO/WENO (Weighted Essen-

tially Non-oscillatory) .> $ [7] :?4468�
70=9>@A!. 16./!9.> $,�(
:9;ADBE8�+E>B:, C/F,-="
01�(�Æ�, >AG84,8�,89+%�
.> $ [8]. Tanaka , [9] )�.�% MHD  �

�2< TVD 46, HD�I7?JKL�I B0 '
ME�I B1, +:?46,�@�*!*(�1:.

Feng, Wei / Fan , [10−13] N,FC� TVD-Lax-

Friedrich 46, -0.2<@A6A TVD 21�)
3"+ $, , 3D @DO+/ 2.5D EFDOCG
C MHD  �&5!*, %AH=B.-.�BHG
;>/�FPC,.

Maxwell  �)8��IC�QQ>D, HE
G ∇ · B = 0. 8,�I MHD "+!*(, EG
IDJ782R�Q� $. 5. MHD "+!*
3 HD "+!*A)1�F2KJK. ,@S�I
C�> 0� $(,!,TELC$7,G2UV�
%TE �, "+,-L 3M� [13]. 8 <$H;
HN MHD  ��FO1 [14−15]. Constrain Trans-

port (CT) 2 78DPWG4"'), UI3MQ
H [6]. 1@I4J�XJ (Generalized Lagrangian

Multiplier, GLM)  $!0, MHD  �(:RM
= ψ � 6, >J GLM-MHD  �), ,'HN 
�FO1�I)G,4�IC�M6,JK�# Y
LC [16]. OL-K%K;S5B, 5< $:?A
D/>�IC�M6, /08:�"+;S. # �
:,�(:999'C:�%.

KNN,FC� TVD-Lax-Friedrich 46�
% GLM-MHD  �, OLLCFCC" (diffusion

reduction coefficient) +BE46LC. !0C8
I Rotor Æ�'5?.�FPC*Æ��!*, =
=.46�1:.

1�TZU[VUÆ

1.1 MNOP
5L�%�. 2.5D FOP6�+QGLM-

MHD �, H

∂U

∂t
+
∂F

∂x
+
∂G

∂y
= S1 + S2. (1)

6(,



� �: Lax-Friderichs �������Æ������� 859

U =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ρ

ρu

ρv

ρw

Bx

By

Bz

T

ψ

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (2)

F =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ρu

ρu2 + p− B2
x −B2

y −B2
z

2μ0

ρuv − BxBy

μ0

0

uBy − vBx

uBz − wBx

Tu

c2hBx

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (3)

G =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ρv

ρuv − BxBy

μ0

ρv2 + p− −B2
x +B2

y −B2
z

2μ0

ρvw − ByBz

μ0

−uBy + vBx

0

vBz − wBy

Tv

c2hBy

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (4)

S1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

0

0

0
L(Bx)

σμ0

L(By)

σ(μ0)

L(Bz)

σ(μ0)

T

3

(∂u
∂x

+
∂v

∂y

)

0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

S2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

0

0

0

0

0

0

0

−c
2
h

c2p
ψ

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (5)

8( L(θ) =
∂2θ

∂x2
+
∂2θ

∂y2
>IMIM-W.  �

(I4J�XJ ψ >O=, .;�IC�M6Q&
�=. ch ,"54C�M6\]N�. O, cf,x,

cf,y 7R5P x ' y  R�@�Q<N�, H�
N ch = max(|u| + cf,x, |v| + cf,y), ^6,'C,-
 �U_99:R<>�I)G,+R-N�D99
��IC�M6JK�R. # , `SNS [16] D!
" cp S+> cp = (0.18 ch)

1/2.

1.2 GLM-TVD-LF TU
D Feng , [10] �% MHD  �� TVDLF 46

4,/ GLM-MHD  ��%. 5<46D2K �
U��%0�7>TXU'LCUOKUI. 6�
�%0�TG.

(1) TXU
!0TXU, /0 U ,OK �UV��(�

+>

U
n+

1
2

i,j,k =Un
i,j,k − Δt

2Δx

[
F
(
Un
i,j,k +

1

2
δUn

i

)
−

F
(
Un
i,j,k − 1

2
δUn

i

)]
− Δt

2Δy

[
G
(
Un
i,j,k+

1

2
δUn

j

)
−G

(
Un
i,j,k −

1

2
δUn

j

)]
+

Δt

2
S1(U

n
i,j,k). (6)

6 (6) ( F , G �6�P67RY6 (3) '6 (4).

δUn
i = minmod(ΔUn

i−1/2,j,k,ΔU
n
i+1/2,j,k),

ΔUn
i+1/2,j,k = Un

i+1,j,k − Un
i,j,k. (7)

δUn
j �1@;6 (7) PU.5L4, minmod <>V



860 Chin. J. Space Sci. ������ 2016, 36(6)

"E>�(:9B:�99, H

minmod(x, y) = sgn(x)max(0,min[|x|, ysgn(x)]).

sgn(x) =

⎧⎪⎪⎨
⎪⎪⎩

1, x > 0;

0, x = 0;

−1, x < 0.

(8)

WU S1 (���a"Q.(967,-, +
∂u

∂x

'
∂2Bx

∂x2
>K, A

(∂u
∂x

)
i,j,k

=
ui+1,j,k − ui−1,j,k

2Δx
,

(∂2Bx

∂x2

)
i,j,k

=
Bxi+1,j,k − 2Bxi,j,k +Bxi−1,j,k

Δx2
.

,,-6 (6) Z, #RNS [16] (� $C ψ +X
&5AV, H

ψ
∗n+1

2
i,j,k = ψ

n+
1
2

i,j,k exp
(
− c2hΔt

2c2p

)
,

+�)WU S2 �Y,, H+ ψ
∗n+1

2
i,j,k Y> ψ ,LC

U(4,�+.

(2) LCU
!0LCU, /0&�=,G2K �U�+

Un+1
i,j,k =Un

i,j,k −
Δt

Δx

(
F̂

n+
1
2

i+
1
2 ,j,k

− F̂
n+

1
2

i− 1
2 ,j,k

)
−

Δt

Δy

(
Ĝ
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f 1 �� Rotor ig�g� ρ ��� B2 � t = 0.15 ��k�j
Fig. 1 Level curves of density ρ and magnetic field magnitude B2 of 2D Rotor problem at t = 0.15
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f 2 �� Rotor ig� t = 0.15 �lm x �n��l����g� ρ ��� |B| ��n
Fig. 2 Comparison of density ρ and magnetic field magnitude |B| by using

different methods in x direction at t = 0.15

f 3 t = 2 �l�l
����� ε o�� |B| mj�kms�p� T mj
Fig. 3 Curves of magnetic field magnitude |B| and plasma temperature T by using

different diffusion reduction coefficient ε at t = 0.15
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f 4 T = 2 �lm x = 0 n�l���	��o� |B|p��� x ulm ΦBpkms�p� Tpkms�g� D

nkms�pvw�vvn��� lgβ q y �qomj
Fig. 4 Variety curves of magnetic field magnitude |B|, the angle between the filed vector B and the x-axis ΦB ,

plasma temperature T , plasma density D and the ratio β of the magnetic pressure and plasma pressure
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